In §2 we recall the results of Petersson and Rankin and show (see Theorem 1) how the residue at s = 1 of a certain Euler product can be used to distinguish whether two eigenfunctions of the Hecke operators are orthogonal or not. In §3 we describe the essential nature of the method and derive (see Theorem 2) a formula which expresses the Petersson inner product of two real analytic cusp forms which are eigenfunctions of the Hecke operators as the residue at s = 1 of an Euler product. 2* Holomorphic cusp forms. Let H be the upper half plane and Let Γ be the group of linear fractional transformations of
, with a,b, c, deZ and ad -be = 1. Let dΩ = y~2xdy be the SL (2, jβ)-invariant measure of H. Let k be a positive integer and let
be two holomorphic cusp forms of weight k on the group Γ; let p be a prime and suppose that f(z) and g(z) are eigenfunctions of the Hecke operator T p :
with a similar formula for g (z) . A particular case of Petersson's formula (Theorem 6, [4] ) is the following.
If we use the multiplicativity of the coefficients a(n), b{n) and the duplication formula for the gamma function, then Petersson's equality can be rewritten in the form
and
The Euler product L(s, π f x π g ) is related to those introduced by Langlands ([2], p. 10).
With the above notations we can restate Petersson's result in the following form THEOREM 
Let f(z) and g(z) be cusp forms of weight k on the full modular group Γ which are eigenfunctions of all the Hecke operators. Then f(z) is orthogonal to g(z) if and only if the Euler product
is regular at s = 1.
THE PETERSSON INNER PRODUCT 151 3* Real analytic cusp forms* Let f(z) and g(z) be two real analytic cusp forms in the sense of Maass [4] . Let
A = -*(£ + £)
be the Laplace-Beltrami operator for the upper half plane and suppose that
Observe that because of the positivity of the Laplace-Beltrami operator the nonzero numbers λ and η must lie in the imaginary axis or in the interval between -1 and 1. Suppose that f(z) and g(z) have Fourier expansions about the cusp at infinity of the form, 
The interchange of the order of summation and integration is justified by the fact that uniformly in x both f(z) and g(z) are O(y Λ ) (resp. O(y~B)) when y -> °o (resp. y-> oo) for some positive constants A and 5.
We now use the well known identity ( [3] , p 102)
which is valid for Re (a) > 0 and Re (1 -ζ ± μ ± v) > 0. We apply this identity with a -2πny and ζ = 1 -s to obtain
We now use the congruence identity (*) for the region S Γ to obtain 3. In [7] , Shimura has used the connection between the Petersson inner product and L-series to study the arithmetic properties of the periods of Eichler differentials.
